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Abstract. In this paper, a BiCG-like iterative method-minimal residual biconjugate gradient sta-
blilized (MRBiCGStab)- is extended for solving the generalized coupled Sylvester tensor equations.
The presented method uses tensor computations with no matricizations included. The reported
numerical experiments show the performance of the proposed method.

1. Introduction

In this paper, we are concerned with the generalized coupled Sylvester tensor equations of the form

mn
ZXJ x1 Ai‘]jl X9 A;_}Z XN A?'j;‘\;' ‘:C?', o= o i (R, n, (].1)
=1
where the matrices A;;; € Claxlij (3,5 =1,2,...,n, | =1,2,...,N), and the tensors C; €
Clax-xLn(j =1,2,..., n) are known and the tensors X; € Clin*xlin(j = 1,2, ..., n) are unknown.

In fact, for a positive integer NV, an order N tensor A = (@j,....iy)(1 < i; < I;,j=1,...,N)is a
multidimensional array with I;/5--- Iy enteries. O with all enteries zero denotes the zero tensor.
We use k-mode product xj(k=1,2,...,N) in (1.1) that will be defined later. In the sequel, some

basic definitions which will be used, are given from [3].

Definition 1.1. The operator x;(k = 1,2,..., N) represent the k-mode product of a tensor X €
ChxxIN with a matrix A € C7*/x defined as
I,
(X XkA)ﬁizmik—1;?'?';.--—1-“?'-_-\' = Z Liyigeip—1intepr--in Cig-
ir=1

Definition 1.2. For a tensor A = (aj,..injy.jy,) € CIXXINXTCXIM et B = (b cciysinjy) €
CTrexIaxhix-xIN he the conjugate transpose of A, Where by, ...i\ jy-jx = @j,-juir-in - The tensor
B is denoted by A*. When b;,...ip j1-jn = Gjy-jnir--in, B is called the transpose of A, denoted by
AT,

Definition 1.3. Let N and M be positive integers. The inner product of two tensors X,) €
ClhxexInxJixxJu js defined by

In 1 I

I
=D > i jrig Tirdagin i

i1=1 in=171=1 Jm=1
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So the tensor norm generated by this inner product is ||X'|| = y/(X, X') which is called the tensor
Frobenius norm.

Definition 1.4. Let &;,; € CIvxInxJixxJIu forj=1,2 ... n. Ifweput X = (X, A, ..., X,)
and QY = (V1,d2,..., V), then ((X,9)) = >, (A5, V) is an inner product and the associated norm
is defined by [|X]. = /((X, X)) = /3L, |4 ],
We say that X and 9) are orthogonal if and only if ((¥X,2))) = 0.
Definition 1.5. Let H; = C/a>*lin(; =1,2,...,n). Then
L:Hy xHy x -+ xH, — H; xHy x--- x H,

T

> i=1 & X1 A1j1 X Arja- - XN AN
n

Z_;:; Xj X1 Agj1 X2 Agja -+ XN Agjn

n
> j=1 Xj X1 Anji X2 Apja -+« XN Anjn

According to Definition 1.5, the inear system (1.1) can be expressed as L(X}, X»,..., &) =C,
where C = (CF,CY,...,Cc)T. We use Definition 1.4 and operator £ in Definition 1.5 to construct

the k-th residual tensor of EMRBiICGStab method Ry = C — L(&X) g, Aok, ..., X k) where X, i =
1,2,...,n are k-th approximations for the tensor solutions X;,i =1,2,...,n.

2. Extended MRBiCGStab Method

In the special case of (1.1), Beik et al. have developed the gradient-based iterative method [1].
We would like to mention that in the BiCGStab method for solving the system Ax = b, the
product of the linear polynomials are considered in construction of the residual form. In order
to overcome the stagnation of convergence of BiCGStab in some discretized dominated problems,
quadratic stabilization polynomials are used in the MRBiCGStab algorithm [4]. The MRBiCGStab
method computes an approximation xg; whose residual is of the form r3; = Q3, (A)Pag(A)ro, where
Qyt)=1landfor k>1 Q5. () =(1 +awyt + wot?)(1 4+ wat + wyt?) - - - (1 + wor_1t + wort?) and the
parameters wop—1 and wsp are determined at the k-th iteration so that |}-r§k|| is minimized. Based
on this algorithm, we propose the Extended MRBiCGStab algorithm according to the tensor form
for solving (1.1).  Since the ||R} ||« is minimized over two dimensional vector space R?, it may
be expected that the extended MRBiCGStab converges faster than the BiCGStab in which residual
norm is minimized over one dimensional vector space R.

3. Numerical example

In this section, we give numerical results of the EMRBiCGStab method to solve the following
problem

XXlAl X2A2 X3A3+y><131 X2B2 X3B3=Cl,
X X1 Ey X9 Fy x3 B3+ x1 Fy X9 Fy X3 F3 = Ca,

which show the effectiveness of the proposed algorithm. The matrices A;, B;, E;, F;,i = 1,2, 3 have
been chosen from [2] by the MATLAB function rand of appropriate size, and construct the right-hand
side tensors C;,i = 1,2 such that the exact solutions X*, Y* € C"™*"*! would be tensors with all

enteries equal to one. The initial guess was taken to be the zero tensors and the stopping criterion
% < 107% or Max-iteration = 2000 were used. The corresponding convergence histories of
EMRBiCGStab method with EBiCG [2] method are depicted in Figure 1.
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Algorithm 1 The Extended MRBiCGStab method for solving (1.1)

1. Input: matrices A;; and tensors Xj;o,C;, for 4,5 =1,2,...,nand [ =1,2,...,N

2. Compute Rjo=C; — Z?zl Xjo X1 Aij1 X2 Aijo - XN Aijn, 1=1,2,...,n
3. Put Plo=Rlo, i=12..n

4. Choose arbitrary tensors R; .0 such that >>7_ ( 00, Rio) #0,fori =1,2,....n
6. For k=0,2,...,2m,... until |Rj; .||+ small enough Do

7. Compute V:‘k. = E::l ”P;k X1 Aiji X2 Agja--- xn Agn, fori =1,2,....n

_ E;le{Rr_;_..-'é‘.n)
8. o = S R
9. Xipr1=Xix+ouPly, fori=1,2,...,n

10. Rips1 =Rip —apVip, fori=1,2,....n

11. Compute 7‘3?-_;\.4_1 = Z;;J Rjk+1 X1 Aijt X2 Agiz o Xy Aign, 1=1,2,...,n
12. B = _akZT—HR.‘.kH-ﬁé_n)

C R (R Ri0)
13. 75i,k+1 =Rirs1+ BePly, fori=1,2 ..., n
14. ﬁi,k-q—l =Riks1 + BrVig,fori=1,2,...,n
15. 75@'*,%1 = Z?zl ﬁj,k+1 X1 Aij1 X2 Aij2-- X Aijn, fori=1,2,...,n
T (Rikt1.Rio)
16. « Sl At Rt SIS
k1T P R
17. Xipy2 = Xigpr +axp1Pigr, fori=1,2,....n
18. Ri,k-ﬁ-z = F‘Qa.k:;; - flk+1']f’g"k;_1, fori=1,2,....n

19. Rzk«l—z—Rgﬂ,-‘—l_ak-{—]Pi wars JOET =1, 2w, T

20. R;,k-n—z = Z;lzl Rtz X1 Aij1 Xo Agje--- xnv Ayn, fori =1,2,...,n

21, whay = (TP (Riks2s R o) (Zh1 (Ri bt 7'1‘ wiz))— (T (Rikt2 Rkt 2) E 1R kg2 R kg2))
’ + (Eg‘,:1<‘r‘r.k‘+'2‘RrJ~'+2>){Z§:1(F'I?’i‘k,_;_ i k+ra}) ( 1 ]_(R: k42 /Rl L+2))(Ej:l{Rl,k+2'R"_k+2})

29 (B Rk R ko) (BT (Rikg2 R o)) (B0 (R kg2 R 4o ) J(ET1 (R k2R ey 2))
- W2 =

(Zi;l<ﬁi,,k+2»7i{,k+27) (Z‘;=1<Ri,k+2’ﬁ;,k+2>>-(Z‘;=1(ﬁi,,k-}—%ﬁi,k-}—?‘/)(z?;:l{ﬂ;yk_'.zvf{;yk_*_z\/)
23. Xi,k;+2 = Xi,k+2 - wk+1R¢,k+2 - wk+2Ri’k+2, for i = 1, 2, B )
24. R;k_‘_z = Ri7k+2 + wk+1'Ri,k+2 + wk+2’R;k+27 for 1 = 1,2,....n

SR k2 Ri0)
25. Pri1 = TR (R i Ra0)

26. Pjpy2=Ripsa + Brr1(Piks1 + ’wk+1'ﬁi,k+1 + wk+2’ﬁ{‘,k+1), fori=1,2,...,n
27. EndDo

28. Output: solution X; for (1.1)
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Figure 1: Convergence histories of REE for m = 6,n = 4,1 = 3(left) and m = 8,n = 4,1 = 3(right)
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